Abstract. We compute the reduced Gröbner basis of the toric ideal with respect to a suitable monomial order and we study the Hilbert series of the vertex cover algebra A(G), where G is an unmixed bipartite graph without isolated vertices.
Introduction
Let G = (V, E) be a simple (i.e., finite, undirected, loopless and without multiple edges) graph with the vertex set V = [n] and the edge set E = E(G). For k ∈ N, a k-vertex cover of G is a vector c = (c 1 , c 2 , ..., c n ) ∈ N n such that c i + c j ≥ k for every edge {i, j} of G.
Let R = K[x 1 , x 2 , ..., x n ] be the polynomial ring over a field K. The vertex cover algebra A(G) is defined as the subalgebra of the one variable polynomial ring R[t] generated by all monomials x .., c n ) is a k-vertex cover of G. This algebra was introduced and studied in [7] . Let m be the maximal graded ideal of R.Ā(G) = A(G)/mA(G) is called the basic cover algebra and it was studied in [6] , [1] and [2] . In [8] , the Hilbert series of A(G), H A(G) (z), for a Cohen-Macaulay bipartite graph G is studied and several consequences are derived.
Our main aim in this paper is to extend the study of H A(G) (z) for unmixed bipartite graphs. It will turn out that many of the results concerning the Cohen-Macaulay case extend naturally to the larger class of unmixed bipartite graphs. The first step in getting the formula for H A(G) (z) is to compute the toric ideal of A(G). This is done in Section 2.
In the last section we state the main theorem which relates H A(G) (z) to the Hilbert series of the basic cover algebrasĀ(G F ), for all F ⊂ [n]. Based on this formula we derive sharp bounds for the multiplicity of A(G).
The lattice associated to an unmixed bipartite graph
Let G be an unmixed bipartite graph without isolated vertices. By [9, Theorem 1.1] we may assume that G admits a bipartition of its vertices V n = W ∪ W ′ , where W = {x 1 , ..., x n } and W ′ = {y 1 , ..., y n }, n ≥ 1, such that:
. Throughout this paper, whenever we refer to an unmixed bipartite graph we assume it is given with its above bipartition.
For ∅ = F ⊂ [n] we denote by G F the subgraph of G induced by the subset V F = {x i |i ∈ F } ∪ {y i |i ∈ F }. Remark 1.1. G F also satisfies (a) and (b), hence G F is an unmixed bipartite graph on V F and each minimal vertex cover of G F has the cardinality equal to |F |.
Let K {i,j} , 1 ≤ i < j ≤ n, be the complete bipartite graph on {x i , x j } ∪ {y i , y j }.
Suppose that G has an induced subgraph K {i,j} with 1 ≤ i < j ≤ n. Let H be the subgraph of G induced by the subset V n \{x j , y j }. Then there exists a one-to-one correspondence between the sets M(G), respectively M(H), of minimal vertex covers of G, respectively H. More precisely, for all subsets C ⊂ V n \{x j , y j } we have:
Since {x k , y j } ∈ E(G) and {x j , y i } ∈ E(G), it follows, by (b), that {x k , y i } ∈ E(G). Hence {x k , y i } ∈ E(H) and C ∩ {x k , y i } = ∅. C ∈ M(H) implies that |C ∩ {x i , y i }| = 1 and, since x i ∈ C, we have that y i / ∈ C. On the other hand, C ∩ {x k , y i } = ∅, hence x k ∈ C. Thus B ∩ {x k , y i } = ∅ and B ∈ M(G). If y i ∈ C, put B = C∪{y j }. Similarly, it can be proved that B ∈ M(G).
Conversely, let B ∈ M(G). Then |B ∩ {x j , y j }| = 1, which implies that either
Herzog and Hibi proved in [6, Theorem 1.2] that each unmixed bipartite graph on 
. By Lemma 1.2, ν is well defined and bijective. It can be easily checked that ν is a lattice isomorphism.
We show that G has a unique Cohen-Macaulay bipartite subgraph, up to a graph isomorphism, such that the lattices associated to G and G ′ are isomorphic. Proof. We proceed by induction on n. If n = 1, then G is Cohen-Macaulay. Put G ′ = G and the assertion trivially holds. Let us suppose that n > 1. If G is Cohen-Macaulay, then put G ′ = G. If G is not Cohen-Macaulay, then, by [4, Theorem 3.4] , G has an induced subgraph K {i,j} with 1 ≤ i < j ≤ n. Let H be the subgraph of G induced by the subset V n \{x j , y j } ⊂ V n . By the induction hypothesis there exists a unique Cohen-Macaulay bipartite subgraph
implies that all maximal chains of L G ′ have the same length, hence the conclusion. Remark 1.5. Let G be an unmixed bipartite graph on V n = W ∪ W ′ , n ≥ 1, without isolated vertices. One may derive a procedure to compute a Cohen-Macaulay bipartite subgraph
, is a Cohen-Macaulay bipartite subgraph of G from Proposition 1.4, then, by Corollary 1.3, the lattice isomorphism ν :
A Gröbner basis of the toric ideal of the vertex cover algebra of an unmixed bipartite graph
Let S = K[x 1 , ..., x n , y 1 , ..., y n ] and let G be an unmixed bipartite graph on V n = W ∪ W ′ , n ≥ 1, without isolated vertices. In this case A(G) is the Rees algebra of the cover ideal I G , which is generated by all monomials x n , where c = (c 1 , . . . , c 2n ) is a 1-vertex cover of G ( [7] ). Thus
is the kernel of the surjective ring homomorphism ξ :
Let < lex the lexicographic order on S induced by the ordering of the variables x 1 > ... > x n > y 1 > ... > y n . Let < # the reverse lexicographic order on the polynomial ring K[{u α } α∈L G ] induced by an ordering of the variables u α 's such that
lex the monomial order on B G defined as the product of the monomial orders < lex and < # from above. This monomial order was introduced in [5] .
Next, inspired by [5, Theorem 1.1], we compute the reduced Gröbner basis of the toric ideal of the vertex cover algebra of an unmixed bipartite graph G on
., p n } and β ∈ V (α).
Theorem 2.1. Let G be an unmixed bipartite graph on V n = W ∪ W ′ , n ≥ 1, without isolated vertices. Then the reduced Gröbner basis of the toric ideal Q G of the vertex cover algebra A(G) with respect to < ♯ lex is:
where the initial monomial of each binomial is the first monomial.
Proof. We essentially follow the proof of [5, Theorem 1.1] with a slight modification in its last part. As it was shown there, we only need to consider a primitive binomial g of the reduced Gröbner basis of Q G with respect to
with α 1 α 2 ... α r and α
(g) equal to the first monomial of g.
We assume that g / ∈ K[{u α } α∈L G ]. As in [5, Theorem 1.1] we get that there exists some 1 ≤ j ≤ r such that α ′ j ⊂ α j . Let β be an upper neighbour of α j with α j ⊂ β ⊂ α j ∪ α ′ j and let p i ∈ β\α j . Then p i ∈ α ′ k for all k ≥ j and p i / ∈ α l for all l ≤ j. This implies that a i > 0 for all i for which p i ∈ β\α j . Then the binomial h = x β\α j u α j − y β\α j u β ∈ Q G and in
(g) must coincide with x β\α j u α j , and, moreover, h = g.
3.
The Hilbert series of the vertex cover algebra of unmixed bipartite graphs
Let {m 1 , m 2 , ..., m l } be the minimal system of generators of I G . We view A(G) as a standard graded K-algebra by assigning to each x i and y j , 1 ≤ i, j ≤ n and to each m k t, 1 ≤ k ≤ l, the degree 1.
The Hilbert function and the Hilbert series of the vertex cover algebra A(G) are invariant to a certain class of graph isomorphisms.
Remark 3.1. Let σ be a permutation of [n] and let σ G denote the bipartite graph on V n = W ∪ W ′ with the edge set E( In order to prove the main theorem we need some preparatory results. They are closely related to those for the Cohen-Macaulay case which were proved in [8] .
Let ∅ = F [n], P n (F ) = {p i |i ∈ F } and let α ∈ L GF , whereF denotes the complemet set of F in [n]. We denote by δ α the maximal subset of P n (F ) such that α ∪ δ α ∈ L G . Note that
If we set β = α ∪ δ α , then, by the definition of δ α , β has the following property: there exists no subset ∅ = A ⊂ F such that β ∪ {p i |i ∈ A} is an upper neighbour of β in L G .
Lemma 3.4. Let ∅ = F
[n] and let S be the set of all β ∈ L G with the property that there exists no subset
Proof. We follow the proof of Lemma 1.4 in [8] . We show that ϕ is invertible. Indeed, the map ψ : S → L(GF ) defined by ψ(β) = β ∩ P n (F ) is the inverse of ϕ since α = β ∩ P n (F ) and α ∈ L(GF ).
Let α 1 , α 2 ∈ L(GF ) with α 1 α 2 and β i = ϕ(α i ) = α i ∪δ i , i = 1, 2. We only need to show that β 1 ⊂ β 2 since the strict inclusion follows from the hypothesis α 1 α 2 . Let us assume that β 1 ⊂ β 2 and let p r 1 ∈ β 1 \β 2 with r 1 ∈ F . Since p r 1 / ∈ δ 2 , it follows that β 2 ∪ {p r 1 } / ∈ L G . We claim that {u ∈ F |p u ∈ β 1 \{p r 1 }} = ∅. Let us suppose, on the contrary, that
On the other hand, we have β 1 ∪ β 2 = β 2 ∪ {p r 1 }, which implies that
By repeated application of this argument we get the sequence r 1 , r 2 , ..., r k , r k+1 , ... with r k+1 ∈ F \{r 1 , ..., r k } and p r k+1 ∈ β 1 \(β 2 ∪{p r 1 , ..., p r k }), for all k ≥ 0. Therefore, the set F is infinite, which is impossible. Hence β 1 ⊂ β 2 . Now let β 1 , β 2 ∈ S with β 1 β 2 and assume that α 1 = α 2 , where α 1 = β 1 ∩P n (F ), and α 2 = β 2 ∩ P n (F ). Then δ 1 = β 1 \ P n (F ) δ 2 = β 2 \ P n (F ). But this is impossible since δ 1 is maximal among the subsets γ ⊂ P n (F ) such that α 1 ∪ γ ∈ L G .
The next result relates the Hilbert series of the vertex cover algebras A(G) to the Hilbert series of the basic covers algebrasĀ(
, and H A(G) (z) be the Hilbert series of A(G). Then:
(1)
Proof.
(1) can be proved exactly as in [8, Theorem 1.5].
It is known that H
Remark 3.6. By using (2) we get
where
In [7, Corollary 4.4] it was proved that A(G) is a Gorenstein ring, therefore, by [3, Corollary 4.3.8 (b) and Remark 4.3.9 (a)], h i = h n−i , for all 0 ≤ i ≤ n.
where, by convention, G ∅ is considered a Cohen-Macaulay subgraph of G. We compute the Hilbert series of the vertex cover algebra of unmixed complete bipartite graphs K n,n , n ≥ 1.
In particular, the multiplicity e(A(K n,n )) = n + 1.
Proof. L Kn,n = {∅, {p 1 , p 2 , ..., p n }}, therefore, by Theorem 2.1, Q Kn,n is a principal ideal generated by b = x 1 ...x n u 2 −y 1 ...y n u 1 , where u 1 = u {p 1 ,...,pn} and u 2 = u ∅ . Then A(K n,n ) ≃ B Kn,n /Q Kn,n and the minimal graded free resolution of A(K n,n ) is given by the exact short sequence 0 → B Kn,n (−(n + 1))
2n+1 . In particular, the multiplicity e(A(K n,n )) = n + 1. Let P n = {p 1 , p 2 , . . . , p n } be a poset with a partial order ≤. We denote by G(P n ) the bipartite graph on V n = W ∪ W ′ , whose edge set E(G) consists of all 2-element subsets {x i , y j } with p i ≤ p j . It is said that a bipartite graph G on V n = W ∪ W ′ comes from a poset, if there exists a finite poset P n on {p 1 , p 2 , . . . , p n } such that p i ≤ p j implies i ≤ j, and after relabeling of the vertices of G one has G = G(P n ). 1 is the component of rank 1 in the h-vector ofĀ(G), by using the formula which relates the h-vector to the f -vector of the order complex ∆(L G ), we get h
[n] 1 = |L G | − rank(L G ) − 1, which implies that h 1 = |L G | − 1. By hypothesis, h 1 = 1, hence |L G | = 2. G is an unmixed bipartite graph on V n , therefore, L G = {∅, {p 1 , ..., p n }} and G = K n,n .
("Only if ") It follows from Proposition 3.8.
